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 In this study, we investigated the detection limit of a competitive immunoassay using a surface 
plasmon resonance (SPR) sensor by both experimental and theoretical approaches.  Highly sensitive 
explosive detection is required to prevent damage from hidden explosives such as improvised 
explosive devices (IED), and therefore in this study we focused on trinitrotoluene (TNT) detection 
using an anti-TNT antibody.  As an experimental approach, competitive immunoassay experiments 
were conducted using a published technique for TNT detection, and the results were statistically 
analyzed to estimate the detection limit according to a reported method for an enzyme-linked 
immunosorbent assay (ELISA).  In addition, a mathematical model describing measurement errors 
was developed and the detection limit was determined based on the correlated data between the SPR 
sensor response and antibody binding obtained from the experiments.  Both approaches showed 
that the detection limit is about 10 ppb (ng/mL), and hence the theory is in good agreement with 
the experiment.  Finally, using our mathematical model, we proposed a method for determining the 
detection limit in the presence of environmental influences.

1. Introduction

 An immunoassay, the surface plasmon resonance (SPR) immunosensor, is known to possess 
high sensitivity; however, only a validation using the standard deviation (SD) has been adopted for 
the estimation of detection capabilities.(1–4)  The 95% confidence intervals of an estimated SD are 
~20% of the true value for n = 40, but ~60% for n = 6,(5) and the number of repetitions required is 
unrealistic.  Mathematical modeling of an enzyme-linked immunosorbent assay (ELISA) enabled 
a precise estimation of a detection limit in a previous study.(5)  In the study, the detection capability 
of ELISA was estimated using the relative standard deviation (RSD), as done in related methods 
in chromatography and spectrometry.(6–18)  The procedure was standardized by the International 
Organization for Standardization (ISO) and Japan Industrial Standards (JIS),(19,20) and the detection 
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limit and the quantitation limit are defined as the concentration with 30% RSD and 10% RSD, 
respectively.  Thus we applied this mathematical modeling to the competitive immunoassay of 
TNT using an SPR immunosensor.  Since the errors from various factors are independent of each 
other, the error parameters derived in this paper could be applicable to other detections with SPR 
immunosensors.
 Explosive detection is important for counter-terrorism by both commercial and military 
technologies, since threats from improvised explosive devices (IEDs) have increased in recent years.  
IED is a generic term used to refer to nonindustrially fabricated explosive material that takes various 
forms; therefore, the detection of IEDs by their shape is difficult in terms of its reliability.  For trace 
detection, chemical or mass characteristics of explosives can be utilized.  For chemical detection, 
products using color reactions have been widely used in the field.(21–23)  Lately, for mass detection, 
ion mobility spectrometry (IMS) technologies have been put to practical use for explosive detection, 
and IMS products have been placed in various spots, such as airports.(24–27)  Durring the fabrication 
process, several nanograms or more of explosives may attach to the surface of an IED, and a sensor 
has to detect this minor amount of explosive in the field for successful IED screening.  Color 
reactions are vulnerable to contamination and are less sensitive.  On the other hand, IMS is sensitive 
and less vulnerable to contamination.  Thus, sensor technology with sensitivity, specificity, and 
resistance to contamination is needed for IED detection, and quantitative measurement is desirable 
for the separation of analyte signals and environmental influences.
 The purpose of this study is to propose the mathematical modeling of competitive immunoassay 
using SPR for TNT as a typical military explosive.  SPR immunoassay for TNT has been previously 
reported as a highly sensitive detection method.(1,4)  At first for simplicity, the relationship between 
the SPR sensor response and antibody binding was examined.  Then, a competitive immunoassay 
for TNT was carried out, and a theoretical model was constructed.  An elaboration of the SPR 
immunoassay using our mathematical model is expected to improve counter-IED technology.

2. Materials and Methods

2.1 Theory

 All symbols in the following equations are listed in Table 1.

Table 1
Each symbol in the left column indicates the corresponding description in right column.
X TNT concentration
Y Antibody concentration
YF Free antibody concentration
ΔRmax Measurement (maximum SPR sensor response)
ρT Total RSD of errors in measuring
ρX RSD of input concentration of TNT
ρY RSD of input concentration of antibody
σL SD of sensor fluctuation
ka, kb, kc Coefficient of SPR response modeling
K Coefficient of balanced equation
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2.1.1 Modeling the relationship between SPR sensor response and antibody binding

 First, we focused on the relationship between the SPR sensor response and antibody binding.  
Since antibody concentration Y equals free antibody concentration YF under conditions without 
antigen, a basic formula for YF was derived.  As SPR sensor responses are not proportional to the 
antibody concentration, Eq. (1), using a logistic function on the logarithmic X-axis, represents the 
relationship between SPR sensor response ∆Rmax and YF (see Fig. 1).  

 ∆Rmax =
kc

1 + kaY −kb
F

, (1)

where the coefficients kc and kb can be determined by the maximum SPR sensor response and the 
concentration corresponding to half of the maximum SPR sensor response.  Then, coefficient ka can 
be derived using the least-squares fitting method.
 Based on a previous study of ELISA,(5) using the error propagation rule, Eq. (2) was derived 
from Eq. (1), denoting the total RSD of the measurements ρT (see Appendix A).  

Fig. 1. (Color online) Relationship between the SPR sensor response and the antibody concentration.  (a) 
Representative SPR sensor responses to each antibody concentration.  (b) Comparison of SPR sensor responses of 
six repeated experiments for 1 ppb antibody concentration.  (c) Correlation between measurements and antibody 
concentrations. Data points and error bars, averaged measurements, and SDs (n = 6); broken line, the theoretical 
curve [Eq. (1)].  (d) Correlation between RSDs of measurements and antibody concentrations. Data points, the 
experimental RSD of measurements; broken line, the theoretical RSD of measurements [Eq. (2)].

(a) (b)

(c) (d)
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k 2
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Equation (2) includes major error factors, namely the pipetting and injecting of the viscous antibody 
solution and internal fluctuations of the SPR sensor; ρY denotes the RSD of the concentration of the 
antibody solution, and σL denotes the background SD of the SPR sensor response.  

2.1.2 Modeling the competitive immunoassay

 In competitive immunoassay, determining the antigen (TNT) concentration X is the purpose 
of the measurement.  The value of X influences the ratio of the concentrations of free antibody to 
whole antibody, and Eq. (3) is the balanced equation of binding describing the relationship between X, 
Y, and YF (see Appendix B).  

 YF =
KY

X + K
 (3)

Although the antibody possesses two binding sites, the model is simplified by considering it to be 
monovalent.  Free antibody concentration YF can be calculated from TNT concentration X, antibody 
concentration Y, and the coefficient K.  Substituting Eq. (3) into YF in Eq. (1), we obtain a model 
for competitive immunoassay as Eq. (4), and the coefficient K is given by the least-squares fitting 
method using experimental data [see Fig. 2(c)].

 ∆Rmax =
kc

1 + ka
KY

X+K
− kb

 (4)

 Derivation of a theoretical detection limit was based on the previous study and the international 
standard of ISO.(5,19)  For the derivation, the RSD of the estimated concentration of TNT is needed.  
Equation (5), derived from Eq. (4) in a similar manner to Eq. (2) (see Appendix C), indicates the 
total RSD of the measurements, considering not only the RSD of the injected volume of antibody (ρY), 
but also of TNT as the analyte (ρX).  

 ρ 2
T =

k 2
a k 2

b
KY

X+K
−2kb

1 + ka
KY

X+K
−kb 2 ρ

2
Y +

k 2
a k 2

b X 2 KY
X+K

−2kb

(X + K)2 1 + ka
KY

X+K
−kb 2 ρ

2
X +

1 + ka
KY

X+K
−kb

2

k 2
c

σ 2
L  (5)

 As in the previous study,(5) the RSD of measurements can be transformed to the RSD of the 
estimated concentrations by dividing by the slope of the calibration curve.  The detection limit was 
given as a concentration with 30% RSD of the concentration estimates in both experimental and 
theoretical approaches.
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2.2 Experimental procedure

2.2.1 SPR measurements

 The target analyte was TNT (Chugoku Kayaku Co., Ltd.).  For the SPR measurements, RANA 
(Kyushu Keisokki Co., Ltd.) and RN-cp-TNT (Kyushu Keisokki Co., Ltd.) were used as the SPR 
immunosensor and its sensor chip, respectively; dinitrophenyl (DNP)-glycine was immobilized on 
the surface of RN-cp-TNT by the same procedure as “EG 17 (8:2) chip” in the previous study.(1) 
The antibody solution, Qatb-TNT01 (Kyushu Keisokki Co., Ltd.), contained the identical anti-TNT 
antibody as used in the previous study.(28)

 SPR measurements using an indirect competitive method were performed as previously 
described.(1,4)  Experiments for finding the correlation between the SPR sensor responses and 
antibody concentrations were carried out six times for each antibody concentration in a range from 
3 ppt to 100 ppb (ng/mL).  Experiments for competitive immunoassay were implemented six times 
for each TNT concentration in a range from 0.1 ppb to 2 ppm, with the antibody concentration fixed 
at 0.3 ppb.

Fig. 2. (Color online) Results of competitive immunoassay for TNT.  (a) Representative SPR sensor responses to 
each TNT concentration.  (b) Comparison of SPR sensor responses of six repeated experiments for 100 ppb TNT 
concentration.  (c) Correlation between measurements and TNT concentration in the competitive immunoassay. 
Data points and error bars, averaged measurements, and SDs (n = 6); broken line, the theoretical curve calculated 
from Eq. (4).  (d) Correlation between RSDs of the estimated concentrations and TNT concentrations. Data points, 
the experimental RSDs of the estimated concentration; line, the theoretical RSD of the estimated concentration 
calculated from Eqs. (4) and (5).

(a) (b)

(c) (d)
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2.2.2 Data analysis

 The RSD of measurements was obtained simply by dividing the SD of the measurements by 
the mean of measurements for each condition.  The derivation of the detection limit was based 
on the previous study and the international standard of ISO.(5,19)  At first all measurements were 
transformed to estimated TNT concentrations using the calibration curve described by Eq. (4); 
then the RSD of the estimated concentration was obtained by dividing the SD of the estimated 
concentration by the mean of the estimated concentration for each condition.

3. Results and Discussion

3.1 Relationship between the SPR sensor response and antibody binding

 Figure 1(a) shows typical examples of SPR sensor responses at each antibody concentration, and Fig. 
1(b) shows six runs at 1 ppb antibody concentration.  Responses increased with increasing antibody 
concentration, and the time course was slightly varied for each run.  Plots with error bars in Fig. 
1(c) denote the relationship between the SPR sensor response and the antibody concentration.  In 
the case of the ELISA measurement, the measured fluorescent intensities were proportional to the 
antibody concentration, whereas in contrast, SPR sensor responses were not proportional to the 
TNT concentration.  Thus a logistic function described by Eq. (1) was used for our modeling [broken 
line in Fig. 1(c)].
 To validate the modeling, RSDs of measurements calculated from the model [broken line in Fig. 
1(d)] were compared with those from the experiment [plots in Fig. 1(d)].  In the model calculation, 
the SD of errors arising from the instrument, σF = 0.000271 in Eq. (2), was given as the SD of 
measurements in the experiment injecting only buffer instead of the antibody solution, and the RSD 
in the preparation of the antibody solution, ρY = 0.25 in Eq. (2), was determined by considering 
errors associated with the injection error and adsorption to the connection tube of the SPR sensor 
leading from the fabricant.  As shown in Fig. 1(d), the model-based calculation and experimental 
results exhibited similar patterns in response to changes in the antibody concentration, although 
there are some differences at higher concentrations because of the misfit of modeling as shown in 
Fig.  1(a).  Therefore, these results suggest that our model simulates the relationship between SPR 
sensor response and antibody binding with accuracy, although the values of kc have to be calibrated 
according to the response of each sensor chip.

3.2 Evaluation of detection limit in competitive immunoassay

 Figure 2(a) shows typical examples of SPR sensor responses at TNT concentrations ranging 
from 3 ppt to 100 ppb in the competitive immunoassay experiment, and Fig. 2(b) shows six runs at 
100 ppb TNT concentration.  Responses decreased with increasing TNT concentration, and the time 
course was slightly varied for each run.  Data points and error bars in Fig. 2(c) denote the results 
of competitive immunoassay for 0.3 ppb antibody concentration; SPR sensor responses decrease 
significantly from 1 to 1000 ppb of TNT.  Using Eq. (4), SPR sensor response in the competitive 
immunoassay was calculated [broken line in Fig. 2(c)].  Comparison of experimental and theoretical 
results indicated that the experimental result can be interpreted by our model.
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 The RSD of the estimated TNT concentration was calculated for the estimation of the detection 
limit (ρX = 0.25; same as ρY); data points in Fig. 2(d) are from experimental data, and the broken 
line is calculated from the theoretical model.  Although there are some differences in RSD for 10 
to 100 ppb concentration, in totality, the theoretical line almost traces the plots.  The dotted line 
in Fig. 2(d) indicates RSD = 0.3, as a detection limit threshold, indicating that the experimental 
detection limit is about 10 ppb, and the theoretical detection limit is about 5 ppb.  Therefore, our 
mathematical model could predict the detection limit of the TNT detection using competitive 
immunoassay.
 Using the mathematical model, an optimized antibody concentration can be predicted, which 
corresponds to a minimum detection limit.  Figure 3(a) shows the correlation between the 
theoretical detection limit and the antibody concentration, and the minimum detection limit is 3.2 
ppb for 5 ppb antibody concentration.  Excess antibody concentration is supposed to inhibit the 
competition at lower concentrations of TNT; on the other hand, a shortage of antibody seems to 
reduce the signal-to-noise (S/N) ratio.  In Fig. 3(b), a competitive immunoassay under optimized 
conditions, namely for 5 ppb antibody, resulted in a detection limit of about 3 ppb, similar to the 
theoretical calculation.
 The proposed mathematical model seems to be valid for general immunoassays using other 
antibody–antigen interactions by fitting four coefficients, ka, kb, kc, and K.  In addition to TNT, 
immunoassays for other explosives, cyclotrimethylen-trinitramine (RDX) and triacetone triperoxide 
(TATP), have been reported.(29–32)  Elaboration of the detection using our theoretical model is 
expected to improve these assays.

3.3	 Detection	limit	in	the	presence	of	environmental	influences

 In the presence of environmental influences, for example suspended TNT in the atmosphere 
in conflict areas, the effects should be accounted for in our inspection of IED candidates.  In such 
cases, environmental TNT must be measured as a background sample.  We assume two collection 
methods are used for the inspection; one is a swabbing method, and the other is a suction method.  

Fig. 3. (Color online) Results of optimization for antibody concentrations.  (a) Correlation between the 
theoretical detection limit and the antibody concentration.  (b) Correlation between the RSD of the estimated 
concentration and TNT concentration. Data points, the experimental RSD of the estimated concentration; line, the 
theoretical RSD of the estimated concentration calculated from Eqs. (4) and (5).

(a) (b)
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Background samples could be obtained from swabbing a neighboring rock’s surface, or suction 
of the atmosphere.  Here, ∆Renv is defined as the measured value of a blank sample.  Using Eq.  
(4), both the estimated concentration Xenv and the RSD of the estimated concentration ρenv can be 
calculated from ∆Renv.  Equation (6), derived from Eq. (5), represents the RSD of the measurements 
associated with the environmental influence as the last term.  

 ρ 2
T =

k 2
a k 2

b
KY

X+K
−2kb

1 + ka
KY

X+K
−kb 2 ρ 2

Y +
X 2ρ 2

X

(X + K)2 +
1 + ka

KY
X+K

−kb 2

k 2
c

σ 2
F + ρ 2

env (6)

Using ρenv, X = Xc can be calculated with ρT = 0.3 in Eq. (6), and then XDL satisfies Eq. (7) and is a 
detection limit.  Therefore, ∆RT calculated back from Xc using Eq. (4) should be a threshold for the 
detection.

 XDL = Xc − Xenv (7)

4. Conclusions

 In this study, a model describing SPR responses and detection limits was proposed, which 
enables the prediction of detection limit for more reliable detection; it can be applied to other SPR 
immunoassay analyses.  We proposed a method for determining the detection limit in the presence 
of environmental influences.
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Appendix

A. Derivation of Eq. (2)

 The total differential of the measurement, d∆Rmax, of Eq. (1) is 

 d∆R max =
∂∆R max

∂YF
dYF =

ka kb kcY − k b− 1
F

1 + ka Y − k b
F

2 dYF =
ka kb kcY −k b

F

1 + ka Y − k b
F

2
dYF

YF
, (A1)

and the variance of measurements is given as

 (d∆R max )2 =
k 2

a k 2
b k 2

c Y −2kb
F

1 + ka Y −kb
F

4
dYF

YF

2

. (A2)

Dividing Eq. (A2) by the square of ∆Rmax [Eq. (1)], we obtain

 
d∆R max

∆R max

2

=
k 2

a k 2
b Y −2k b

F

1 + ka Y −k b
F

2
dYF

YF

2

, (A3)

where d∆Rmax/∆Rmax = ρp is the RSD of the measurement during the preparation process, and dYF/YF 
= ρY denotes the RSD of random variables from handling viscous antibody solutions.
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 On the other hand, the RSD of the measurement, ρM, the measurement error arising from 
instruments, is given as

 ρ 2
M =

σF
∆Rmax

2

=
1 + ka Y − kb

F

2

k 2
c

σ 2
F , (A4)

where σF is the noise SD, denoting the fluctuation of the SPR sensor response.
 Finally, total RSD of the analysis, ρT, is given as the sum of the RSD of the preparation, ρp, and 
the RSD of the measurement, ρM.

 ρ 2
T = ρ 2

p + ρ 2
M (A5)

Thus, Eq. (2) can be derived from Eq. (A5).

B. Derivation of Eq. (3)

 The balanced equation is represented as

 K =
[X ] [Y ]
[XY ]

, (A6)

where [X] and [Y] indicate the concentrations of free antigen and antibody, respectively.  The term [XY] 
is the concentration of antigen–antibody complex, and K is the dissociation constant.  The term [Y] 
is equal to YF, and [XY] can be described as Y − YF.  On the other hand, [X] can be substituted simply 
by X, since antigen is in excess compared with antibody.  Thus, Eq. (3) can be derived from Eq. (A7).

 K =
X F

Y − YF

Y
 (A7)

C. Derivation of Eq. (5)

 The total differential of the measurement, d∆Rmax, of Eq. (4) is 

              d∆Rmax =
∂∆Rmax

∂Y
dY +

∂∆Rmax

∂X
dX  

                              =
kakbkc

KY
X + K

−kb−1

1 + ka
KY

X + K

−kb 2
K

X + K
dY −

kakbkc
KY

X + K

−kb−1

1 + ka
KY

X + K

−kb 2
KY

(X + K)2 dX  (A8)

                              =
kakbkc

KY
X + K

−kb

1 + ka
KY

X + K

−kb 2
dY
Y

−
kakbkc

KY
X + K

−kb

1 + ka
KY

X + K

−kb 2
X

X + K
dX
X . 
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 Considering the probabilistic independency of dX and dY, we can obtain the variance of 
measurements.

 (d∆Rmax)2 =
k 2

a k 2
b k 2

c
KY

X + K

−2kb

1 + ka
KY

X + K

−kb 4
dY
Y

2
+

KY
X + K

−2kb

1 + ka
KY

X + K

−kb 4
X 2

(X + K)2
dX
X

2k 2
a k 2

b k 2
c

 (A9)

Dividing the above equation by the square of ∆Rmax [Eq. (4)], we obtain

 
d∆Rmax

∆Rmax

2
=

k 2
a k 2

b
KY

X + K

−2kb

1 + ka
KY

X + K

−kb 2
dY
Y

2
+

k 2
a k 2

b
KY

X + K

−2kb

1 + ka
KY

X + K

−kb 2
X 2

(X + K)2
dX
X

2

, (A10)

where d∆Rmax/∆Rmax = ρp is the RSD of the measurement during the preparation process.  The terms 
dY/Y = ρY and dX/X = ρX denote the RSD of random variables from handling viscous solutions.  
 On the other hand, the RSD of the measurement, ρM, the measurement error arising from 
instruments, is given as

 ρ 2
M =

σF

∆Rmax

2
=

1 + ka
KY

X + K

−kb 2

k 2
c

σ 2
F , (A11)

where σF is the noise SD, denoting the fluctuation of the SPR sensor response.
 Finally, total RSD of the analysis, ρT, is given as the sum of the RSD of the preparation, ρp, and 
the RSD of the measurement, ρM.

 ρ 2
T = ρ 2

p + ρ 2
M  (A12)

Thus, Eq. (5) can be derived from Eq. (A12).


